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Abstract: In this paper we investigate the perturbation theory of the asymptotically safe 
inflation and we find that all modes of gravitational waves perturbation become ghosts in 
order to achieve a large enough number of e-folds. Formally we can calculate the power 
spectrum of gravitational waves perturbation, but we find that it is negative. It indicates 
that there is serious trouble with the asymptotically safe inflation. 
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1. Introduction 

As a promising quantum theory of gravity, asymptotic safety of gravity was suggested 
in [0, |2|, and a version of perturbation theory was presented in |^]. Such a theory is 
asymptotically safe, which implies that it might be ultraviolet (UV) complete. Recently 
ones showed that in the asymptotically safe gravity the renormalization group (RG) flows 
has a fixed point with three-dimensional UV critical surface of trajectories attracted to the 
fixed point in the UV limit, or equivalently at short distances [Q, ^, ^ 0. 

Since the asymptotically safe gravity has a brilliant behavior at short distances, it 
can be naturally applied to explore the physics in the early universe ^, in particular 
inflation ||lO|. Recently an interesting version of asymptotically safe inflation was proposed 



by Weinberg |11| where a de Sitter solution is allowed and the instabilities are also naturally 
introduced to terminate inflation once including time dependence in the Hubble parameter. 
It is an attractive model in which any inflaton fields are not needed. However, assuming 
inflation happened at the UV fixed point, Weinberg found that inflation cannot last enough 



number of e- folds in some well-known examples with asymptotic safety. In [12| Tye and 
Xu proposed that the asymptotically safe gravity should also reproduce present Newton's 
coupling constant and the cosmological constant driving current cosmic acceleration. In 
this scenario, inflation scale should be away from fixed point and enough e-folding number 
for inflation can be achieved with some fine-tuning. 

As we known, inflation not only is an elegant paradigm for solving several puzzles in 
hot big bang model, but also provides a natural explanation to the anisotropies in cosmic 
microwave background radiation and formation of large-scale structure in our universe. It 
is quite interesting for us to investigate the perturbation theory of the asymptotically safe 
inflation in this paper. We find that the asymptotically safe inflation suffers from a serious 
problem: the ghosts will make this model unacceptable. 

Our paper is organized as follows. In Sec. 2 the asymptotically safe inflation will 
be briefly reviewed. The gravitational waves perturbation will be calculated in Sec. 3. 
Discussion is contained in Sec. 4. The action for the scalar curvature perturbation is given 
in the Appendix. 
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2. The dynamics of asymptotically safe inflation 

Let's consider the following action 



S = — d X\J —g 



qn Is 6s 



(2.1) 



here /x is the energy scale, qn^ A, oo and s are dimensionless parameters. R is the Ricci 
scalar, C is Weyl tensor and = R'^'P'' R^„po- - 2R^"'R^^ + R'^/3. s is assumed to be 
positive for damping the Euclidean functional integral. 

Following 12|, the dynamics of inflation govern by the action ( |2.1D is 

A 3 ^2 6lo6H^H - H"^ + 2HH , , 
+ ^ + 4 =0- (2-2) 

If cj = 0, we can get a de Sitter solution. However, R? term may introduce an instability 
around the de Sitter solution. Similar to [|l^], an ansatz for H around de Sitter solution is 
proposed to be 

H{t) = H + 5H{t), (2.3) 

with 5H{t) = Ae?^* and 



H X 

7 = V3- 

Similar to slow-roll inflation, we also introduce the slow-roll parameters as follows 



(2.4) 



From Eq. (| 



and then 



^7, ri=—. (2.5) 



H = CH6H, H = fH'^6H, (2.6) 



-— - -e— (2 7) 

e H , , 

— = 2e + ^~2e + e. 2.8 

eH HH 



From Eq. ( |2.7[) , we find 5H = —eH/^, and then 



H = il-^)H. (2. 



Requiring \5H/H\ <^ 1 yields e ^ ^ < 1/60, and therefore ~ ^. 
On the other hand, from Eqs. ( p.2| ) and ( |2.3D , we obtain 



e' + 3C + — = 0, (2.10) 
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where 



3s 

\9~ 



N 



(2.11) 



If all roots of Eq. (2.10) have Re(i^) < 0, the inflation govern by the vacuum energy 2Xfj,'^/giy 
will last forever. This is not the case we are interested in. We will focus on the case with 
root of Eq. ( 2.1[1| ) satisfying Re(^) > 0. It represents instabilities of the system, and the 
inflation will only last for 1/Re(^) e-folds. Eq. (2.10) has two solutions and one of them 
satisfies Re(^) > if (x) < 0, namely 



- 2k/uj - 3 



If —k/{2uj) ^ 1, we obtain 



^ K_ 



(2.12) 
(2.13) 
(2.14) 



and then the total number of e-folds becomes 

Nt^ - ^ . 

For getting enough e-folding number, namely Nt > 60, we have k < —u/lO which indicates 
that K is one order of magnitude smaller than — a; at least. 
In S the f3 functions for s and u) are given by 



ds 

din fi 
duj 



13.3 2 
s 25 + 1098a; + 200a;2 



dln^ (47r)2 60 
which indicate that s is asymptotically free and to has a stable fixed point at 

-0.0228. 



(2.15) 
(2.16) 

(2.17) 



At the fixed point with uj = uj^ and s = 0, the two-dimensional RG flow of gjsi and A 
becomes [13 

dgN 



IJ'- 



d/j. 
dX 



d/j, 



2gN -ligl + 0{g%), 
-2A + aigN + a2gNX + a^g% + 0{g%X), 



where 



ai 



2nJ 
(4^ 



71 



-02 



2u*2 
(4^' 



(2.18) 
(2.19) 

(2.20) 



and ul = 1.38, U2 = 0.73. The solution of the above renormalization group flow is given 

by P 



9N 



(4vr)2 l + ul{^i/^i,r 



X 



2(/i/^c 



-2 + 2nS ' 



(2.21) 
(2.22) 
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where //q and nx are free parameters. In the infrared (IR) hmit (/i — )■ 0), the Einstein 
Hilbert term in the action becomes 

(2.3, 

In [^], both the present Newton's couphng and cosmological constant were proposed to 
be recovered in the IR hmit of the asymptoticaUy safe gravity. Comparing to the standard 

form A 2^^i where Mp is the reduced Planck scale and A = 7.45 x 10~^^^Mp is today's 

cosmological constant, we can fix ij,x and ^uq to be 

Hx^Sx- W'^^Mp, (2.24) 

and 

^0 = VSvrMp. (2.25) 

In the UV limit (^u ^ ^uq ~ Mp), g]\i and A flow to the fixed point with <^^/(47r)^ = 1/^2 = 
1.37 and A* = ul/{2u2) = 0.95. Since UV limit corresponds to a very high energy scale, in 



12] inflation is assumed to be away from fixed point, on scales Hq ^ /i ^ Mp, where Hq 



is the today's Hubble constant. From Eq. (|2.22D, we obtain 



Considering H/ ~ y^A/3, we get 



(2.27) 




6 /xo' 



and thus 



9N 



(47r 



|2 



/ 3 


H 




Mr, 



(2.28) 



3u* H , , 



Therefore we find 



^^0.52 (—J s, (2.30) 



and Nt ^ 60 requires 



s<-^{H/Mpf. (2.31) 



For Ci; = a;*,s<4xl0 ^ {H/Mp)^ . Considering that inflation scale should be much lower 
than the Planck scale, s should be very small and a fine-tuning is called for. 
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3. Gravitational waves perturbation in asymptotically safe inflation 



In this section, we focus on the gravitational waves perturbation. The perturbed metric is 
given by 



where r = J dt/ a is the conformal time. Up to quadratic order, we have 

1 



{eh)ij = ^ij + hij + -hikh- 



and 



(3.1) 



(3.2) 



(3.3) 



Here {eh)ij is just an abstract notation. This approach is equal to the the one simply 
writing the tensor perturbation as {5ij + hij) in the linear order. The symmetric tensor hij 
has six degrees of freedom, but the gravitational waves perturbation is traceless, 



and transverse 



0. 



(3.4) 



(3.5) 



With these four constraints, there remains two physical degrees of freedom, or polarizations. 
One can easily find ^/—g = and then the dynamics of gravitational waves perturbation 
is governed by the action 



S 



drdx-^ 



oV 



+ (2 - e)-n^^ [hf^ - [dih.f] - 1 {h!l^ - A/i,,f I , (3.6) 



where A = didi, the primes denote the derivatives with respect to the conformal time r 
and T-L = a' /a. Combining Eqs. ( 2.25 ), ( 2.27 ) and ( ^.28 ), we find = One can easily 

2 2 

see that the terms with and — in the above action come from the Einstein Hilbert 

4gjv s 

term and terms respectively, and the term with ^ comes from the term of C^. From 
the action 



the equation of motion for hij takes the form 



2, ,2 



a fj, 
9N 



■[h'lj + 2nh'i. - /\hij\ + 4(2 - e)-n 



h'ij + 2'H[l-e 



er] 



2(2 



h'ij - Ahij 



+-(a2-A)'^- 



0. 



Using Eq. (2.9), we obtain 



n 



~ k{1 + 2e/e), 
2 ~3(l + 2e/C). 



(3.7) 

(3.8) 
(3.9) 
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Since e *C ^ ^ 1/60, the terms with e can be ignored and then the action in Eq. ( |3.6| ) 
becomes 

S = l drdx' I (I + 2a;) ^ [h'^^ - {dih,,f] - ^ {h!!^ - Ah,j)'^ . (3.10) 

Considering 10k < —uj <^ 1, the term of k becomes subdominant and can be neglected in 
the case with enough number of e-folds, and then the equation of motion for hij is simphfied 
to 



(3.11) 



Since there are fourth derivative with respect to the time r, one more degree of freedom 
is expected to appear. In order to make it more clear, we introduce a Lagrange multipHer 
\ij and consider the following equivalent action 



S = j drdx^ {^7^^ [h'ij - [dihijf] 



(3.12) 



Here hij and Qij denote the physical degrees of freedom and their conjugate momenta take 
the form 



vr: 



(3.13) 
(3.14) 



Considering w < and s > 0, both hij and Qij are ghost fields. Prom the above action, 
the equations of motion for Ajj and Qij are given by 



Qij — /ij 
A 



1 

2^ 



and then 



vr, 



Q 



±h" 
2s 



Formally we can quantize the field hij (r, x) as follows 



hij (r, x) 



d^k 
(27r)3/2 



E («k4'^ W + b'^hf\r)) e,,(k, A)e^''-'' + h.c. 



.A=±2 



(3.15) 
(3.16) 

(3.17) 
(3.18) 

(3.19) 



where a and b are two operators which satisfy 



[«k^«kf] = -6x,x,6'^'Hk,-k2), [bi\:b'^J] = -6x,x,S'-'\k^-k2), (3.20) 
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all other commutators vanish, and ejj(k, A = ±2) are two physical time independent po- 
larization tensors 



0, kiCij — 



For simplicity, we normalize the tensor Cij to be 

^ e*,(k,A)ei,(k,A) = 2. 

A=±2 

Canonical quantization imposes the the following commutation relations 

[/li,-(T,Xi),7r^(T,X2)] = 2i(5(3)(xi _X2), 

and 

[Q,,-(r,xi),^g(r,X2)] = 2i5(3) (xi - xa). 



(3.21) 



(3.22) 



(3.23) 



(3.24) 



all other commutators being zero and the factor 2 coming from the fact that both hij and 
Qij represent two degrees of freedom. These two commutation relations imply 



h 



(1) 



^2 



/(I)* 



+ 



1 



8ujn 



2^k 



>//{!)* 



+ h 



(2) 



1(2)* 



+ 



1 



2^k 



l/l{2)* 



/.'(I) /,"{!)* , /,'(2);,"(2)* 



-C.C. 



c.c. 



2si. 



(3.25) 
(3.26) 



We need to remind that both mode functions and and their complex conjugates 
are four independent solutions of the equation of motion for hij in Eq. ( fj.llD which reads 

8a;^2 + 2nh'ij + k^hij] + h^^' + Ik^h.jh'^j + k'^hij = 0. (3.27) 

Similar to [14, 15 1, the above equation can be factorized as follows 



^4^) + (l--l. 



,(1) 



(2) 



where z = —kr and v^^^ = h}^.' / z for i = 1,2. We choose the positive frequency modes 
which define a "Bunch-Davies" vacuum state |0): a^lO) = 6fc|0) = 0. In the sub-horizon 
limit {z — )• oo), the equations of motion for v^^ are reduced to be those in the Minkowski 
space-time and thus 



dz"^ 



+ 1 + 



8cj 



,(2) 



0, 
0, 



(3.28) 
(3.29) 



,(1) 



,(2) 



(3.30) 



Therefore h^j^ become 



~ hf ~ ze^ 



(3.31) 
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On the other hand, using Eqs. ( |3.28| ) and ( |3.29| ), the canonical quantization conditions in 
Eqs. (I^D and (|336| ) become 



dz '^^ dz (2 + 8L.)p- ^"^-^^^ 

Therefore, in the sub-horizon hmit, we have 



= h/TT^^-TTT-T^e*'' (3-33) 
* ^'(2 + 8tj)A;3 



^ ^"^'(2 + 8^)^3 
4'^ = J .o , (3-34) 



Up to a phase, the solution of h^, can be written down by 



where = \\/^ — 32w and -ff^^^'' is the Hankel function of the first kind. 

Now we can calculate the power spectrum Pxik, z) of the gravitational waves pertur- 
bation which is defined by 

^PT{k;z)e''^<^^-^'\ (3.37) 

From the above definition, we have 

PT(t;.) = -S(l4"l^ + l'=f'l^ 



s 9 vr 



27r2(l + 4a;) V 2 
and hence the power spectrum of the gravitational waves perturbation is 

For w = = —0.0228, Pt — —0.056s which is negative! It indicates that there is a 
serious trouble with the asymptotically safe inflation with enough number of e-folds. More 
discussion on it is given in the next section. 

4. Discussion 

Asymptotically safe inflation is proposed to be a quite attractive inflation model in which 
the inflaton is not needed. We clearly point out that the instability can come from the 
term of as long as w < in ( |2.1| ). In this case the asymptotically safe inflation can 
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naturally end. On the other hand, in order to achieve a large number of e-folds, k has to 
be one order of magnitude smaller than —uj at least. 

We also study the gravitational waves perturbation in the asymptotically safe inflation 
in detail. Considering k, < — a;/10, we find that the contribution to the action of hij 
from the term of is much larger than that from the Einstein Hilbert term. Since 
a; < 0, all perturbation modes of gravitational waves become ghosts! It indicates that the 
asymptotically safe inflation breaks the unitarity. On the other hand, let's re-consider the 
action in and the coefficient + 2a;) — can be interpreted as the effective coupling 

constant of graviton, namely 



1 



327r (k + Slo) 



(4.1) 



In the limit of w — 0, G^s is nothing but the Newton's coupling constant Gn = l/iSnMp). 
During inflation, k < — w/10 and then G^s < 0. However, in the IR limit, Einstein gravity 
should be recovered and hence Gcs > 0. The flow of G^s in the asymptotically safe inflation 
can be illustrated in Fig. ||. Between UV and IR, the effective coupling constant GcS must 



1/G 



1/G., 







IR 



strong coupled region 



energy scale 



asymptotically safe inflation 
/ 



Figure 1: The flow of Goff . 



go to infinity around some energy scale and the theory becomes strong coupled theory. It 
implies that such an asymptotically safe gravity cannot explain the physics from UV to IR. 
In a word, the maliciousness of ghosts emerging at the perturbed level breaks the beauty 
of asymptotically safe inflation and makes it unacceptable. 

We also compute the action for the scalar curvature perturbation in the Longitudinal 
gauge. See the appendix We find that ghosts emerge as well. One possible extension 
to the asymptotically safe inflation in this paper is to consider the higher order curvature 
terms, such as R"^ and so on. It will be interesting to investigate the RG flow for such 
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an extension. Another possibility is to involve a suitable scale field (p which can keep the 
asymptotic safety. These possible extensions will be left for the future. 



Acknowledgments 

QGH would like to thank Henry Tye for helpful discussions. This work is supported 
by the project of Knowledge Innovation Program of Chinese Academy of Science and a 
grant from NSFC (grant NO. 10975167). 

A. Appendix 

We start with a general scalar perturbed metric about the flat FRW background as follows 

ds^ = - (1 + a) dt^ - 2a (t) di/3dtdx' + (t) {6ij + 2C6ij + 2didj'y) . (A.l) 
The gauge transformations are: 

a = a- 6t, (A. 2) 

/3 = /3 - a~^6t + a6x, (A.3) 

C = C - H6t, (A.4) 

7 = 7 — 5x. (A. 5) 

In this paper we will work on the Longitudinal gauge which corresponds to the gauge choice 
/3 = and 7 = by setting the 5t = a{(3 + 07) and 6x = 7. In this gauge, the line element 
becomes 

ds"^ = a^{T) [-(1 + 2a)dT'^ + (1 + 2C)6^jdx'dx^] , (A.6) 

where we omitted the hat for perturbed quantities and r is conformal time which is related 
to time t by 

dT = -. (A.7) 

a 



The equations of motion for a and ^ are governed by the action in Eq. {2A). In the 
Longitudinal gauge, after a lengthy but straightforward calculation, we obtain the action 
for perturbations as follows 

S = Si + S2 + S3, (A.8) 

where 



6n^ - 3 + 2e j - 2maC' + 4 (SC^ + 2aAC + CAC) 



(A.9) 



-10- 



(A.IO) 



and 



y drd^x'^iun^ [5(-6e + Se^ - 2er])a'^ + 6(6e - Se^ + 2er?)aC 

+(18e - 336^ + 12e^ + 12er] - lOe^r/ + 2er/2)C^] + IWH^iAe - 2e^ + er/)aC' 

[-24a'2 - 48(1 - 2e)a'C' - 24(2 + 5e)C'^ 
-32(2 - e)QAa - 32(2 - e)aAC + 16(2 - e)CAC] 
+16H (3a'C" - a'Aa - 2q'AC + 3C'Aa + 6C'AC) 



24C"^ + 16a" AC + 32C"AC - -(Aa)^ 



|AaAC-f(ACn, 



(A.ll) 



From the above action, the equations of motion for a and C, become 

1 



+00 

4 



n 



AC 



1 A^a + ^^A^C 



3n^ 



12 



90ea - 54eC - ^ (1 - e) a 
rL 



^(1 + 3^)C' - + ^C" + ^ (7 - 3e) Aa 



6 



10 



+^AC + ^C" - ^AC - ^AC" + ^ A^a + ^ A^C + 0(e^ • • • ) 



0, 

(A.12) 



and 



3 + 2e j a + - 



2„2 



+ 



1 



rA^a 



1 



37^4 



A^C 



+ 3 - 2e C 



+0; 



12 



162ea - 54eC - —(2 - lle)a' 



^(2 + 3e)C' - :^ (3 - 4j) a" " :^ (2 + 5e) C" 



+ A ,T _ 5.) A„ + (1 - 2.) AC + Ha„' _ + J^c"" _ J^A„" - ^AC" 



+ 



.A2a + -— A2c + 0(e2,er?,...) 



0. 



3-^4 " ' 3^4 

Similar to Sec. ^, ignoring the terms with e and k, the action for a and C becomes 
1 



(A.13) 



S 



J drd^x I [127^2^2 _ 2maC' + 4 (3C'^ + 2aAC + CAC)] 



+-[(Aa)2-2AaAC+(AC)2] 

+-[n^ (-24a'2 - 48a' C' - 48C'^ - 64aAa - 64aAC + 32CAC) 
+16n {3a C" - a'Aa - 2a AC + 3C'Aa + 6C'AC) 



24C"^ + 16a" AC + 32C"AC - - (Aa) 



32 



AaAC 



32 



(AC)^ 



(A.14) 



We see that ghosts also emerge in the above action. 
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